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For 7r°7;-photoproduction on the nucleon formal expressions are developed for the five-fold dif- 
ferential cross section and the recoil polarization including beam and target polarizations. The 
polarization observables are described by various beam, target and beam-target asymmetries for 
polarized photons and/or polarized nucleons. They are given as bilinear hermitean forms in the re- 
action matrix elements divided by the unpolarized cross section. Numerical results for the linear and 
circular beam asymmetries for jp — > -n°T]p are obtained within an isobar model and are compared 
with existing data. Predictions are also given for the target asymmetry Tn, and the beam-target 
asymmetries Ti and Tfi for circularly polarized photons. 
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C3 ' I. INTRODUCTION 

hj : 

Polarization observables are known to be an essential ingredient in the interpretation of photon induced meson 
production reactions, especially if the production process proceeds predominantly via resonance excitations. Their 
study provides further insight into the details of the underlying reaction mechanisms and possible structure effects. 
Thus, such observables will serve as an additional critical test for theoretical models. 

Today special interest is focussed to processes with more than a single pseudoscalar meson in the final state. These 
reactions constitute a rather new object in particle physics. At present most of the efforts are directed towards 
an understanding of their general dynamical content. In such a situation experiments with polarized particles are 
therefore of special use. Different analyses clearly demonstrate their importance, primarily since the unpolarized data 
are usually unable to impose sufficient constraints on the model parameters. 
\ Experiments for irir and ir°r) photoproduction have become a center of attention in recent research programs 

■ discussed at ELSA and MAMI [l|-|5[ . A major point of these programs is a study of those resonances for which 
only a weak evidence exists. It is therefore timely to investigate in detail the polarization structure of double meson 
photoproduction. Some important steps towards this goal are already done in Ref. @, where in particular a set of 

■ polarization experiments, needed to determine the reaction amplitude, is discussed. 

With the present work we want to provide a complete solid basis for the formal expressions of all possible polarization 
observables which determine the general differential cross section and the proton recoil polarization for tt°t] production 
on a polarized proton target with polarized photons in a compact and suggestive notation. 

Our second goal is to study the properties of those observables for which experimental results already exist or are 
expected to be measured in the near future. Recently, polarization measurements of different beam asymmetries in 
£> . TT°r] photoproduction were performed at ELSA 0, [|[ for the first time. Furthermore, new MAMI results for the target 
asymmetry Tjj and the beam-target asymmetry are now expected. Here, we pay some attention to the properties 
of the circular beam asymmetry measured at MAMI Q. The analysis of this observable for the similar reaction, -kit 
photoproduction [10l4l2l |. confirms a strong sensitivity of the data to the dynamical content of the amplitude. As 
will be shown in the present paper, the information contained in the circular asymmetry provides constraints on the 
contribution of positive parity resonances to ir Q i] photoproduction. 

The paper is organized as follows. In the next three sections we develop the basic formalism for the differential cross 
section with inclusion of polarization observables. In Sect. [Vj the most essential ingredients for the calculation of the 
T matrix in the isobar model are described. Here we also present and discuss the results on some beam, target, and 
beam-target asymmetries, which are also compared to the existing data. In several appendices we describe in detail 
some ingredients of our formal developments. One should note that throughout this paper ir meson always means ir° 
meson. 



II. KINEMATICS 



As a starting point, we first will consider the kinematics of the photoproduction reaction 

7 (fc,e AI ) + Niipi)^^) + T]{q v ) + N f (p f ), 



(1) 
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defining the notation of the four- moment a of the participating particles 

fe = (w 7 ,fc), pi = (Ei,pi), q„ = (u„,q n ), q n = (a>„, q v ) , p f = (Ef,p f ). (2) 

As coordinate system we choose a right-handed one with z-axis along the photon momentum k and the other axis 
perpendicular. As is illustrated in Fig. [1] for the laboratory frame, we distinguish three planes: 

(i) The reaction plane, spanned by the momenta of incoming photon k and q\ of particle "1" , called the active particle, 

which usually is detected. This plane intersects the rr-z-plane along the z-axis with an angle <f>\. 

(ii) The polarization or photon plane, spanned by the photon momentum and the direction of maximal linear photon 

polarization, which intersects the rr-z-plane along the z-axis with an angle </> 7 and the reaction plane along the 
z-axis with an angle \<f>i — 7 |. 

(iii) The decay plane, spanned by the momenta of the other two outgoing particles "2" and "3" , intersecting the 
reaction plane along the total momentum p2 + P3 of the latter two particles. In case that the linear photon 
polarization vanishes, one can choose </>i = 7 = and then polarization and reaction planes coincide. 




FIG. 1: Kinematics of nr/ photoproduction on the nucleon in the laboratory system. The active particle is denoted by "1" and 
defines the reaction plane. The nonrelativistic relative momentum is denoted by P23 = (rnzqi — n-2?3)/ (jn.2 + m^). 

The following formal developments will not depend on whether one chooses as reference frame the laboratory or the 
center-of-momentum (cm.) frame. Furthermore, we will consider the rj meson as particle "1" (<fi := q v ) defining the 
reaction plane, while pion and proton constitute particles "2" and "3" , respectively, in the decay plane, i.e. q2 '■= <h an d 
<73 := pf. Besides the incoming photon momentum k, we choose as independent variables for the description of cross 
section and polarization observables the angle </> 7 characterizing the polarization plane, the outgoing 77 momentum 
q n = (q v , 8 V , (fir]), and the spherical angles fl^p = (O-xp, 4>-kp) of the relative momentum p^ p of the outgoing pion and 
nucleon as given by 

p wp = (Mpcfn - m„Pf)/ (M p + m^) = (p^p, Clnp) ■ (3) 

Then the momenta of outgoing pion and nucleon are fixed. For example, the pion momentum reads 

11 j 

qn=P-K P + 77 {k+pi-q v ). (4) 

M p + 

In Sect. |V]we will also consider configurations where either the outgoing pion or proton is the active particle, i.e. 
constituting the reaction plane, while the decay plane is spanned by the momenta of the other two particles in the 
final state, i.e. either eta and proton or pion and eta, respectively. 



III. THE T-MATRIX 



To be specific, we take in this section the outgoing eta as active particle. The corresponding expressions for the 
pion as active particle are simpy obtained by the interchange rj ■<-> 7T. For the outgoing proton as active particle, 
detailed expressions are listed in the Appendix [Dl 
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All observables are determined by the T-matrix elements of the electromagnetic ■nr\ production current J 77r r; between 
the initial proton and the final outgoing irr/Nf scattering states (indicated by a supersript "(-)"). In a general frame 
it is given by 

T mjtxm% = - (_) (<f,,, q n ; Pfrrif | ■ J~f„ n (0)\pi m*) , (5) 

where mt denotes the proton spin projection on the relative momentum p^ p of the outgoing pion and proton, and m, 
correspondingly the initial proton spin projection on the z-axis as quantization axis. The circular polarization vector 
of the photon is denoted by e* M with \i = ±1. Furthermore, transverse gauge has been chosen. The knowledge of the 
specific form of J 77r?; is not needed for the following formal considerations. 

The general form of the T-matrix after separation of the overall cm. -motion and insertion of the multipole expansion 
of the current operator is given in terms of the relative np momentum and the r\ momentum by 

Tjn-f [inii^P-Kpt Qrj) ^ ^{Pizp^fi Qri I J'yirri, ) l^i) 

= ^^ L L(->(^ p m /; <f, ; |0f \mi), (6) 



with p, = ±1, L = \J2L + 1, and transverse multipoles 

Otf = E L M +vM L M . (7) 
It is convenient to introduce a partial wave decomposition of the final outgoing scattering state 

(_) <P7rpm/| = -j= ^v{ l ^\ m i\3^f)^ l v um ^^p 1 -0^ p (8) 
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where m wp and like mi refer to the photon momentum k as quantization axis. Here, the rotation matrices D J m , r 
are taken in the convention of Rose [13| . Using the Wigner-Eckart theorem, one obtains 



'"W^^^l^l^ = EM)^ + ^(i; X -Mj ) ( -Mj \ I 

J Mj 



x{Pn P q v ;((ln P l)Ulr,)J\\0^ L \\^), (10) 

with the selection rule m^p + m v = Mj = /i + . The angular dependence can be rewritten according to 

where d J mm , denotes a small rotation matrix [13| . Rearranging 

(m-n-p-mf^p + mr,^ = {m^ p - rrif)cj> pq + (^ + m l - m f )<j) v (12) 
with = (\>k V — 4>n, one finds that the dependence on <$> n can be separated, i.e. 

T (O Q \ — J(ji+mi-m f )<j> n f (0 A \ (131 

^my/tmj ^'ttjji — c ^niffijni \^np 5 ^r/; V^pq / ) V- 1 - / 

where the small t-matrix depends only on wp , 0^, and the relative azimuthal angle (f> pq . 
Explicitly, one obtains 

t (006) — - i L ?jTT T 1 (__i yJ+i*p+3*p~?+mf-i v 



2 V 27T r , 



2 



my — / V niTrp —Mj J \ —Mj /j, m 
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In the case that parity is conserved, it is quite straightforward to show that, the following symmetry relation holds 
for the inverted spin projections of the small i-matrix elements 

^ — mf — — mi (^7rp) ®r/: $pq) ( -0 ^ ^ ^rtifprtii (^7rp: @r}i ^pq) ■ (^"^) 

Besides the phase factor, one should note the sign change of <p pq on the right-hand side. In the derivation of this relation 
one has made use of the parity selection rules for the multipolc transitions to a final partial wave \pq{{l-nps)j- n pl ri )J) 
with parity TTj(i^ p ,i n ) = (— 1)'t+'i, which read 

E L : ^j^ M {-l) L = 1 ^(-1)^+^ = 1, 

Therefore, invariance under a parity transformation results in the following property of the reduced matrix element 
(-l)^+^+ i (p 7rpg ,;((/ 7rp i)j 7rp ;^)J||0-^||i) = tp„pq v ;((l*pl)j*pl v )J\\0» L \\±) . (17) 
A corresponding relation for the T-matrix elements follows from the symmetry property f| 15[) 

me — [i— mi (^7r/j; 07rp? ^775 ^77) ( -0 ^ ^ Tjriffinii (@7rp: ^irpi^r}: 4*7}) • (-^) 

These symmetry properties are valid for all three choices of the active particle. 

Since the small t-matrix elements are the basic quantities, which determine the general differential cross section 
and the recoil polarization in terms of bilinear hermitean forms in the t-matrix elements, the developments of the 
next section are independent of which particle is chosen as active. 



IV. DIFFERENTIAL CROSS SECTION AND RECOIL POLARIZATION 

The starting point for the formal derivation of polarization observables is the evaluation of the following trace with 
respect to the spin degrees of freedom 

Ap M ' = cfar,, 0„ tr(T^T f Jf' ] T Pi ) , (19) 

for I' = 0, 1 and M' = — I' , folded between the density matrix pi for the spin degrees of the initial system and 
a spin operator t ki , with respect to the final nucleon spin space. The latter is defined by its reduced matrix element 

(i|| 7 -['']||i)=V2J7 for I' = 0,1. (20) 

Note that tW corresponds to the conventional Pauli spin operator a. The trace refers to all initial and final state spin 
degrees of freedom of incoming photon, target and recoiling nucleon. The kinematic factor 0(5,,,^,^^) comprises 
the final state phase space and the incoming flux. In an arbitrary frame one has 

1 M 2 1 p\ 

c(9 " ! n * p) = w &^ P ^ n + Ef) + ggg^; - cZW) • (21) 

The general expression for the differential cross section is given by 

= A Q0 , (22) 



and the final nucleon polarization component Pm with respect to a spherical basis 

PM ^krr { - 1)MAl - M - (23) 

With respect to a cartesian basis, one has as polarization components 

„ da 1 „ „ da i „ , „ da „ , 

p = p — p+ p z = p,+ (24) 

x dq^dQ^p V2 1 ' y dq^dQ^p \/2 1 ' z dq v dVl vp 
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where for M = 0, 1 we have introduced 



(~1) M 

1 + <5/U0 



b m = | H (Aim ± ■ (25) 



The density matrix in (|19p is a direct product of the density matrices p 1 of the photon and pP of the nucleon 

Pl = p' ®ff . (26) 
For the chosen reference frame, the photon density matrix has the form 



^ = ^(V+^ 7 (27) 

with respect to the circular polarization basis (p — ±1). Here, |P 7 | describes the total degree of polarization, P 7 = P 7 
is the difference of right to left circularly polarized photons, i.e. |P 7 | describes the degree of circular polarization being 
right or left according to whether P 7 > or < 0, respectively, and P 7 = \J (P?) 2 + (Pj ) 2 describes the degree of 
linear polarization. By a rotation around the photon momentum by an appropriate angle 7 it is possible to have 
the new x'-axis pointing in the direction of maximum linear polarization. Then one has Pj, = — P ; 7 and P 7 = and 
finds explicitly 



7 
Puu 



\ ((1 + pP2) V - P? . (28) 



Furthermore, the nucleon density matrix p v can be expressed in terms of irreducible spin operators (/ = 0, 1) 
with respect to the initial nucleon spin space, defined in analogy to (1201) . 



Prrii m 



lY,(-V M (l m ^M\l^ P I-M, (29) 



I M 



where P p — 1, and Pf M describes the sperical polarization components of the nucleon. 

We can assume that the nucleon density matrix is diagonal with respect to an orientation axis s having spherical 
angles (0 S , 4> s ) with respect to the chosen coordinate system. Then one has with respect to s as quantization axis 

P P mm ' =P m S mm > , (30) 

where p m denotes the probability for finding a nucleon spin projection m on the orientation axis. With respect to 
this axis one finds from (|29"T) Pf M {s) — Pf Sm,o, where the orientation parameters Pf are related to the probabilities 
{pm} by 

Pf = y2/V(~l)5- m ( 5 2 

= 5 IO + (pi-p_i)6n. (31) 

The polarization components in the chosen lab frame are obtained from the Pf by a rotation, transforming the 
quantization axis along the orientation axis into the direction of the photon momentum, i.e. 

P? M (z)=Pfe iM *°d I M0 (e s ). (32) 

Thus the initial nucleon density matrix becomes finally 

^ i ' = iZ ^E0| X m)^--^W^). (33) 

This means, the nucleon target is characterized by 3 parameters, namely the polarization parameter Pf and by the 
orientation angles 9 S and <p s . If one chooses the cm. frame as reference frame, one should note that the nucleon 
density matrix undergoes no change in the transformation from the lab to the cm. system, since the boost to the 
cm. system is collinear with the nucleon quantization axis [14j . 

The evaluation of the general trace in Eq. p^|) can be done analogously to pion photo production on the deuteron 
as described in detail in Ref. 15j. In fact, one can follow the same steps except for the use of the symmetry relation 



of Eq. (12) in [15| which is different in the case of eta-pion production on the nucleon (see Eq. (|T5|) ) because of the 
two pseudoscalar particles in the final state. In terms of the small i-matrix elements, one finds, inserting the density 
matrices of photon and nucleon, for the general trace, 



(34) 



with 



and 



Furthermore, we have introduced the quantities 



u i>m'-,im(<iv, °v> 0*?! <t>pq) = c(qr,,n q ,n„p)ri ^2 (-i) m/ 



r 



1 I 7 

2 2 



jrif —m'f M'J ImJ —m* M 

* tm'fU'm^vlyi ®W Q-rtpi ^pg) ^m/ jum, (??7j @Tji d-xp, ^pq) 

It is straightforward to prove that they behave under complex conjugation as 



\M'+M u vv' 



I'-M'-J-M 



(Qri, Or/ 



Furthermore, with the help of the symmetry in (|15[) one finds 

ir^' - ^ (n f) ck \ - (^\ I '+ M '+ I + M +^'+^,/^ („ a a -(h) 

U I'M';IM\"V' u Vi u npi <Ppq) — \ L ) U I'—M';I—M\."V V> u npi Ypq) ■ 

which yields in combination with (|36p 

^/'M';IAf ® r P @irpi ^pq) = ( — 1) {^I^M' j/mC^' ^7' — ^pg)! ' 



(35) 



(36) 



(37) 



(38) 



This relation is quite useful for a further simplification of the semi-exclusive differential cross section later on. 

Separating the polarization parameters of photon (P^ and P£) and target nucleon (Pf ), it is then straightforward 
to show that the trace can be brought into the form 



V I'M':IM + V I'M':IM 



Avm> = \ £ Pf £ c^^foC*.) 

7=0,1 M=-l 

where we have introduced for convenience the quantities 

^I'M'-JMilv ®V> ^Tpj 4*pq) — u I'M';IM^.1'n'> ®V ^wpi ^pg) > 
W I'M';Im{^V ^7' @np, 4>pq) = — ^J'M'jJmC^'Jj @r), @-np, ^pq) ■ 

According to Eqs. (f3l)|) and (j3"5)) they have the following properties under complex conjugation 



(39) 

(40) 
(41) 





^irp ) 


<£pg)* 


= (" 


1) M ' 


+M /x / 

"I'-M'-J-MWvi 


&T] ) @7Tp 1 fipq ) 5 


(42) 


W I'M';Im(Qv> @V' 


^7rp; 


0pg)* 


= (" 


1) M ' 


+M w~l* (a 
w r-M';I-M\HV 


07jj $7rp, </>pg) j 


(43) 




^7rp; 


<£pg)* 


= (" 


1) 7M 


V I'M';Iu( l lv^ £ 


7rpj 0pg) j 


(44) 






<£pg)* 


= (" 


I) 7 ' 4 




^7rp ) 0pg ) • 


(45) 



From Eq. (|42[) follows in particular that Vjiq-iq is real. 



A. The differential cross section 



For the differential cross section we consider the case I' = and M' = 0, i.e. Aqq, for which we will use the following 
simplified notation 



V IM — V Q0;IM ' 



J IM 



J 0Q;IM ■ 



(46) 
(47) 
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The sum over M in Eq. (|39|) can be rearranged with the help of the relations in Eqs. (1421) and (|43|) and d 7 

(-i) M 4/ (^) 



MOW') 



E e iM ^dU{e s ){v) M ±vJ^) = ^ Ml ( e iM^, s (U J M ± -i ) + e -^,. ( _ 1} m (u i_ m ± 1 ) 

t^(^"«M±^) + CC.), 



M=-I 



M=0 



and furthermore with 



V-Af = M(f> va - 2 r)7 = (M - 2)cj> v ~ Mcf )s + 2 <(>-,, 



(48) 



(49) 



we get 



M=-I 



E ^4(«.)(4e" !i *"+4e ! ^) = ^ 

f=-j 

E 4(fl s )( 



w)a/ + c.c 



M=-I 



(50) 



This then yields for the differential cross section 

i 



da 



,7 ,< , = E p / { E 7~-7 — dLo(f.)»e P'"*" K + m + ^ «™ )] 
+ i? E 4/o(^)^e[e^ W } M ]}, 



M=-I 



where we have defined 



J IM 



V IM ^ V IM ■ 



Now, introducing various beam, target and beam-target asymmetries by 



T /Af (9i)i @t)i ®Tipi "ftpq) 



1 



1 + S M o 



^tev IM {q v , n , 4> pq ) , M > 0, 



Vim(Qvi 8ti> 4> P q) = ~^mvf M (q. n , V , 9 np , (f) pq ) , M > , 



'17 3 "7Tp; V^pg; 1 



(51) 



(52) 



(53) 

(54) 
(55) 
(56) 



where we took into account that Vj is real. 

One obtains as final expression for the general five-fold differential cross section including beam and target polar- 
ization 



da 



da 



dqr)d£l n p dq^dfly, 



■ (l + P2 T C + if (T' cos 20„ 7 - 4 sin 2<f> ni ) 



1 

"71 



Z10 + ^ 7 ?? Q + P/ 7 (T{o cos 2 ^>n " ^10 sin 2^) 



cos 6L 



Tfo cos^s + S% sin0 ?)s + P] {TiQ cos^ + 5j sin 

+P, 7 {T^ cos(^ s - 2cj> m ) - T[_ x cos(<f>r, s + 2(j> m ) 

+5, sin(^ s 20^-y) + sin((/) I)s + 20^ 7 )}J sin$ s j-^ , 

where the unpolarized differential cross section is given by 

da n 



dq v dQ 



'00 1 



(57) 



(58) 



TVp 
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and the various beam, target and beam-target asymmetries 



7Tm = ^t, Sf M = ^, iova€{0,c,l}. 
T oo T oo 



(59) 



The corresponding derivation of the recoil polarization of the outgoing nucleon is presented in Appendix [Bj 

B. The semi-exclusive differential cross section p (7, 77)7175 

We will now turn to semi-exclusive reactions where one has to integrate over all variables which are not measured. 
As an example we consider the case p (7,77)7^ where only the produced eta is detected. This means integration of 
the five-fold differential cross section da / dq^dfl^p over fl^p- The derivation of the resulting cross section is presented 
in detail in Appendix [A] The cross section is governed by the partially integrated asymmetries J d ft„ p rf M and 
J dfl-^p af M (a € {0, c, /}), of which quite a few vanish, either J dQ^p rf M or J dQ^p cf M . The final expression is 



da dao 
dq v dq v 



1 + P 7 S ; cos 20 r)7 + Ff {p 7 T im sm[M<p V s - 2</> r)7 ] d\ 

M=-l 

1 

+ E ( - f iV sinM0, )s + P2 Tl M cosAf^,,) 4/o(^)} 



M0\ u s) 



M=Q 



(60) 



where the unpolarized cross section and the asymmetries arc given by 



dap 
dqrj 
dag 
dq n 



T° („ ft \ d<J ° 



dag 
dq n 



d^np 7"oO ^rj: 0-np, &pq) ~ 


K)o(<?r;, #rj) ) 






(61) 


d ^i-Trp Tqq [Qj] , 0r/ : Q'Kp, ^pq) — 


VKoo(<2r,, 0,) , 






(62) 




= -(2 - S M a) 3m [FimC^, 6 


,)]. 


for M = 0, 1 , 


(63) 


dQ-xp ^IM^qv ) ^?7; ^7rp; ^pq) ~ 


-- {2-5 M o)Me [V 1M (q v , 9 n )] 


for 


M = 0, 1 , 


(64) 


dVlnp &01M{qVi Or), Onp, 0p<j) 


= 1 WlM^r), #r,) , for M = 


0,±1 




(65) 



Here, the quantities Vjm an d Wjm are related to the small v\ M and w) M by 

ViM(q v , V ) = J dQ- !rp vj M (qT l , 9 V , 6 np , 4> pq ) , 
Wi M {q v ,0 v ) = J dQ,^ p w\ M {q v , 



(66) 
(67) 



Because Vio is real according to Eq. (14"2"1) . the asymmetries Tg and T{q vanish identically. Furthermore, one should 
note that W\m is purely imaginary. This is shown in Appendix A (see Eq. (A7)). More explicitly one has 



da dao 
d^ dq v 



1 + P 7 T, 1 cos 2(/> fn + Pf jp 7 ( - T% cos 6 S cos 20 ri 



1 
1 



[(T'_j + T'i) sin^s cos20 t?7 + (T^ - T^) cas(f> vs sin 2^] sin0 { 



+-^= sin sin S - P 7 ^Tf x cos ^ s sin( 



V2 



Tfocosfl 



■)} 



(68) 



We would like to point out that in forward and backward eta emission, i.e. for # J; = and 7T, the following 
asymmetries have to vanish 



£' = , f°{ c = and T[ M = , 



(69) 
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because in that case the differential cross section cannot depend on <p v , since at 6 V — or ir the azimuthal angle cf> v 
is undefined or arbitrary. This feature can also be shown by straightforward evaluation of Vjm and Wjm using the 
explicit representation of the T-matrix in Eq. (fl4j) . One finds 

V IM (q v , 6 V = 0/tt, 9«p, cj) pq ) = for W IM {q v , 6 n = 0/tt, 0^, <^ 9 ) - for all M . (70) 

The formulas above can readily be extended to the other cases of an active pion or proton through a simple replacement 
of the appropriate angles with a corresponding redefinition of the various planes in Fig. 1. 



C. The total cross section 



The general total cross section is obtained from Eq. (|60|l by integrating over d 3 q v resulting in 

(t = <t [l + PJPf T c w cost 
where the unpolarized total cross section and the only beam-target asymmetry T 10 are given by 



Ofj 



2n / g?cos( 



2tt / dcosO 



da-p 
dq v 

da 
it] ~pr 
dq v 



q 2 n dq v 



q 2 dq v ^ TV,, . 



(71) 

(72) 
(73) 



The integration limits g™" and q™ ax are determined by energy and momentum conservation. There is no dependence 
on the linear photon polarization as expected. 



V. RESULTS AND DISCUSSION 



In this section we present our results for those asymmetries of the reaction jp ir a rjp for which data already exist 
or are expected to be measured in the near future. The observables are calculated in the overall jp cm. frame. The 
main ingredients of our model are described in detail in Ref. [13, EH . Here we limit ourselves to a brief overview of 
the model needed for the discussion. The calculation is based on a conventional isobar model as used, for example, 
for double pion photoproduction in Refs. [l9l - l23| . The model parameters were fitted to the angular distributions of 
pions in the irp cm. system, as well as to the distribution over the polar angle of r\ in the overall cm. frame. The 
corresponding data were presented in Refs. [j| and [l8| in the region up to a photon lab energy a> 7 = 1.4 GeV. The 
present results are obtained in the same energy interval. 

The reaction amplitude comprises background and resonance terms 

fl(J";T) 

An individual resonance state R^J^^T) is determined by its spin-parity J 7 ' and isospin T. Instead of the spin 
projections of the initial particles rrii and fj,, respectively, we use their sum A = m t -I- /i = ±1/2, ±3/2, which in our 
coordinate system with the quantization axes along the incident photon momentum corresponds to the initial state 
helicity. 

The resonance sector includes only states with isospin T = 3/2. As already noted, analysis of the existing data for 
7P — > 7r°?yp are in agreement with the assumption that in the energy region studied here the reaction is dominated 
by the D33 wave. In the present model the latter is populated by the -D33(1700) and £>33(1940) states. The one-star 
resonance 1)33(1940) was first introduced into the reaction 7p — > ir°r)p in Ref. |l[ based on a partial wave analysis 
(PWA). In our model the status of this baryon is still not very clear. Primarily we need it in order to maintain 
the importance of the D33 wave at energies above 1.3 GeV, which otherwise would rapidly decrease with increasing 
energy. Other T = 3/2 resonances entering the amplitude are P 33 (1600), P 3 i(1750), P 35 (1905), and P 33 (1920). Their 
parameters resulting from a fit are listed in Table II of Ref. [lH . 

As is shown in Refs. [3, [3, the background contribution is small, so that we can focus our attention on the 
resonance sector alone. According to the isobar model concept each resonance term is given by a coherent sum of 
individual amplitudes corresponding to intermediate transitions to r;A(1232) and 7r £11 (1535) configurations 

,R _ x«{»)A) , .R(wN*) , 7 _x 
l m f \ — l rn f \ + l m f \ ' ( l0 ) 
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where the resonances A(1232) and Sii(1535) are denoted as A and N* , respectively. The irr] system is assumed not 
to resonate in our energy interval. The validity of this assumption is confirmed by the results of Ref. [lj where the 
contribution of the resonance ao(980) at energies w 7 < 1.4 GeV is shown to be less than 1 %. 
Each term in Eq. (fT5j) has the form 

tgWf,,?,,?/) = c^A^f^iq^q^pj), a G {r?A, nN*} , (76) 

with W being the total cm. energy. The quantities A^, which in general depend on W, are helicity functions 
determining the transition jp —> R. The factor c^ 1 absorbs all quantities which are independent of the quantum 
numbers TO/ and A. Its exact form is irrelevant for the formalism to follow. The angular dependent part 
describes the decay of the resonance R into nqN via intermediate formation of an r/A or ttN* state. 

In the actual calculation we adhere to the non-relativistic concept of angular momentum so that the angular 
dependence of the amplitudes (|76l) is described by means of spherical harmonics 



fm% } ~ { m m t -toa ) ( to! toa -A ) Yi ™^p) d t^o( 9 v) > ( 77 ) 



If — TOA I V m n % 
pR(7riV*) ( I* \ J 

I 



Y " / ^ 5 </ \, V ^ ( Ik — I I In 1 v , (> 

7T m/ 



i=0 



I * -A 2.^ 2. m ! _ m m -Z J CoW ■ (78) 



The coefficients A; 7 ", determined as 



,1 = ( rn nqri A' / (2^ - 1) (2l v )\ 
1 \{m n + M p )p«J V (2/ - 1) (2k - 21)1 (21)} ' l ' 9J 

stem from the expansion of the function Yj 7rm7r (r2 w ) with respect to products of spherical functions depending on Q,^ p 
and Q n . 

A. The semi-exclusive asymmetries for circularly polarized photons and polarized protons 

Now we will turn to the case where the active particle (jr, rj or p) is measured for a fixed invariant mass of the 
other two final particles irrespective of the direction 9 a with a = it, rj or p, respectively, for a fixed reaction plane. 
The resulting semi-exclusive differential cross section is obtained by an additional integration over the polar angles 
9 a , respectively. It is given by an expression formally analogous to Eq. (|60l) with the following replacements (for the 
eta as active particle as example) 

da a d<r f dcj Q 

"7T7 — 77~ = / « cos 9„ K. — 

dq v dMnpdpr, J dq v 



= I dcos9 v K,-j^ , (80) 



da 0^W„ a \ v d<J( > rWn.r \- a tr da v' 



V(q n , n ) -> .. .. " £ (M np ) = / dcos0„£ — ^ S 1 ^, 0„) , (81) 
a*, dM^ v d<p n J dq v 

^ ff M (^, 0„) dM ^° d0 ^V(^f) = / dcoB0„ /C ^ T7 M ( g?? , 0„) , a G {0, /, c} . (82) 

The factor JC takes into account the transformation of the differential, i.e. q^dq-q — JCdM^p. In the 7p cm. frame, 
this factor is independent of 9^ and reads 

K = q ^ U P . (83) 



For the case of an active pion or proton one simply has to make the following replacements: rj — > tt or p and 
Ttp — » r\p or 7r?7, respectively. 
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FIG. 2: The target asymmetry Tfi ((a) and (b)), and the beam-target asymmetries for circularly polarized photons T\\ ((c) 
and (d)) and T{o ((e) and (f)) for the rj as active particle (left panels) as function of the irp invariant mass spectrum M^ p , and 
for the pion as active particle (right panels) as function of M vp , calculated at a lab photon energy of 1.3 GeV. The solid line 
presents the full calculation. The dashed line is obtained including the I?33(1700) resonance only. The asymmetries Tfi and 
Tfi vanish in the single D33 model. The vertical dotted lines mark the boundaries of the available kinematical region. 



We now consider circularly polarized photons and allow for polarized protons, i.e. P2 ^ 0, P{ ^ 0, and P, 
Furthermore, we set the azimuthal 77 angle to <p n — 0. Then one obtains explicitly 



n _ 



0. 



da 



dan 



1= o 



dM m 



.,=0 



1 + Pf sin <j) s sin S + P c 7 (f 1 c cos $ s - i Tft cos cf> s sin 6 S ) 



(84) 



As a sideremark, angular distributions irrespective of the energy of the active particle may be obtained in a similar 
manner via appropriate integration of the cross section in (|60|) over the energy of the active particle. 

Figure [2] demonstrates our predictions for the semi- inclusive target asymmetry T{\ as well as for the double polar- 
ization observables T-fj and Tf . In the single D33 resonance model including only £>33(1700) and D33(1940), both 
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cos 0^ cos Q n 

FIG. 3: The beam-target asymmetries for circularly polarized photons Tfi and Tf at a lab photon energy of 1.3 GeV as 
function of the polar angles of active eta (left panels (a) and (c)) and active pion (right panels (b) and (d)) in the yp cm. 
frame. The solid curve is the full model calculation. The dashed curve includes only the 7333(1700) and D33(1940) resonances. 



asymmetries T{\ and Tfi should vanish completely. The corresponding angular distributions (in Fig. [3] we show the 
dependence of T xl on cos9 v and cos9 v ) are odd functions of cos0 n /^, so that they vanish after integration over the 
polar angle. The full model, in which also positive parity resonances are included, gives an even component in both 
asymmetries thus leading to a rather intricate energy dependence as is shown in Fig. [2] 

It is also worth noting, that for the active pion the dependence of T xl on 0„ is rather similar to that observed for 
single 7T° photoproduction in the A region. This may be due to the dominance of the s wave in the ijA channel and 
to the relatively large ij mass, so that the A decay is not contaminated by the presence of an r\ meson. 

Of special interest is the observable Tf . In the single D33 model its value is almost independent of M^ p (or M np ). 
For example, if only the i?33(1700) resonance is retained in the amplitude it is approximately equal to 

?^^4, W itha=^, (85) 
2(1 + or) A 1 / 2 

where A\ is a helicity function corresponding to the transition 7JV — > 1)33(1700) (see our ansatz (|76|) for the resonance 
amplitudes). Taking a = 1.1 from the analysis of Ref. [j| (see Fig. 6 of at E~ — 1.3 GeV), we will have, according 
to Eq. (1551) . T-fg = —0.05 in general agreement with the result shown by the dashed line in Fig. [3J If both resonances 
-D33(1700) and D33(1940) are included, Tf remains constant, but its value is no longer determined by a simple relation 
analogous to ([85]). As we can see, inclusion of other resonances, resulting in a strong interference with the leading 
partial wave, crucially changes the shape of T£ . 

It is also interesting to note that in contrast to single pseudoscalar meson photoproduction T xo does not approach 
unity at very forward and backward r\ angles (see panel (c) in Fig. [3]) . The reason for this behaviour lies in the spin 
3/2 of the A resonance, so that angular momentum conservation does not require A = 1/2 at 9 V = 0(tt), as in the 
case of a single meson. 
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B. The semi-exclusive asymmetries for linearly polarized photons and polarized protons 



For only linearly polarized photons the semi-exclusive cross section is again obtained from Eq. (|5U)l for = and 
b v = with the replacements of Eqs. ([80]) through (l82l) 



da 



dM„ 



da 



4>r!=0 



dM^p 
1 

+ T2 



<p v =o 



I E z cos 20 7 +Pf(- f[ cos 9 S cos 2<^ 



(T^_! + T^) sin S cos 20 7 + (T-^ - T^) cos S sin 20, 



sm( 



•)} 



(86) 
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where </> 7 measures the angle between the reaction and the photon plane. The gross features of the beam asymmetry 
for linearly polarized photons as a function of the ttN or r/N invariant energies were already discussed in detail in 
Ref. 18]. Therefore, we show here only the additional beam-target asymmetries T[ M in Fig. 2J 

Furthermore, we present results for the asymmetries called I c and I s which were recently measured at ELS A 
In this experiment the direction of the eta meson was detected in the reaction plane in coincidence with the pion 
proton pair for a fixed orientation of the decay plane integrated over the direction within this plane of p^p as function 
of the angle between the reaction plane and the decay plane. The initial proton was unpolarized. For the comparison 
of our results with the data we have adjusted the calculation to the experimental kinematic conditions of these 
measurements. First of all, we changed the coordinate system as defined in Fig. [1] for the x-z-pl&ne coinciding with 
the reaction plane, i.e. tp-q — (z-axis parallel to k and y-axis parallel to k x g^) by rotating it around the y-axis such 
that the new z*-axis is aligned along the vector + p/. With respect to the rotated coordinate system the relative 
momentum p^ v has the spherical angles f2* p = (#£ p , 4>^ p ), and the decay plane intersects the reaction plane with the 
azimuthal angle (f>* . This is illustrated in Fig.[S]for the cm. system. In the rotated jp cm. system the corresponding 




FIG. 5: Kinematics of nr/ photoproduction on the nucleon for an active eta in the cm. system with rotatet coordinate system. 



expressions for the amplitudes can easily be obtained from eqs. ([77)) and (|78|) via a positive rotation of Y/ m (Q p ) 

by an angle Or = 9 n + 7r around the y-axis. With respect to the new variables one obtains a set of new structure 
functions T/aj^ L {q v , 9 V , 9*, cf>*) which are related to the old ones by the Jacobian 



J (cos 9„ p , ; cos 9* p , wp , 



<9(cos 8„ p ,<p vp ) 



d(cos9*4>*) 



according to 

T / a i*M s v> &p<i) = T / a iM(lr n 9 V , 9n P , <t> pq ) |J(cos 6*^,0^; cos 6»; p ,0; f 

From the relations between (0 wp ,0 Tp ) and (9* p ,4>* ) 

cos^ttj, = cos 9* p cos 9r — sin 0* p cos <p^ p sin 9r , 

cot 9* 



COt^Trp = COt 0^ COS ^ 



sin V R 



(87) 



for a S {0, 1, c} . 



(89) 
(90) 



with 9r denoting the rotation angle, one can see that 6„ p and <j)^ p are, respectively, even and odd functions of (/>* 
(what may also be obvious from the geometric considerations). Explicitely, one finds for the Jacobian 



J (COS 0n p ,(f) vp ; COS 0* p , 4>l t 



' r. \i 



sin 2 0* p sin 2 0* p 



(' 



sm V np cos V R + cos <p^ p cos V vp 



sin Or) 2 + sin 2 . 



,sm Or 



(91) 



The above found symmetry of the angle transformation is reflected by the invariance of the Jacobian under simulta- 
neous sign change of <\> vp and <f>*, i.e. 



J (cos Onp , - 4>tt V ; cos 0* p , - 0* p ) = J(cos 9 np , 4>^p ; cos 6»* p ,<j>* p ). 



(92) 
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which will be used later on. 

As mentioned in the formal part, we also consider partitions tt + (rjN) and p + (tttj) in which the decay plane is 
spanned in the former case by the vectors q n and pf, formally replacing fi* p by Q* p = (6Z P ,<I>Z P ), and in the latter 
case by q^ and q v with = (0^, (j)* m) ). 

In order to evaluate the corresponding semi-exclusive observables one has to integrate over dq v and dcos9* p the 
general expression for the differential cross section, which reads for (f> v = 0, P2 — 0, and Pf = 



da dtjQ 



■ (l + P ; 7 (T ( * )( cos2<£ 7 + S { * )1 sin20 7 )) . (93) 



dq v dttl p dq r) dn* p 

This then yields in the notation of Ref. @ (one should note that , in Ref. Q is related to 7 by 7 = 4>' — 7r/2) 

da dao 



■(l - P 7 (J c (^ p ) cos20 7 + / s (^ p ) sin20 7 )) , (94) 



/ * U ( * K _____ 

where the linear beam asymmetries I c and I s are determined by the coefficients Sq and T 00 in Eq. (I93[) 



dcos9l p q n dq v T^ ' (q v ,e v ;8l p ,(f>l p ), (95) 



= - J dcos 9* p J ^ q v dq n a y 0Q > (q v , 9 V ; 9* p , 4>l p ) . (96) 

Using Eqs. (|45j) . (j55|) . and (l56l) one can easily show that I c (</>* p ) and I s {(j)% p ) are respectively even and odd functions 
of the angle 4>* p , i.e. 

i c {-K P ) = i c iK P ) > / s (-0 = -/ s (C P ). (9, 

Indeed, from the symmetry relation (|4"3"|) with 0^ = and thus pg = (f> np and the definitions and ([55]) follows 

T Oo(lv ^7)) $7rp: —(f>irp) = T Oo(lv $77) $7rp: 0irp) j (98) 

Vooilv, 9 V , O-xp, -07rp) = -o"oo(9n' 0*7> 0*-p> ^p) • (99) 



— r Oo(<2Vp £ 




7Tp; 


-0 , ) | J(cosfl ffp , -1 




COS^ 




^p)l 






TTp; ' 


^7rp) | </(cOS n p : (j)-Kp- 


; cos 




C P )I 




- T { * )l (a 




/)* 












= ^oo (<?<?, ' 


., ( 


9 


-07rp) iJfCOSf^p,- 


07rp 5 


COS' 


9 ?rp > — 


. )l 



Furthermore from Eq. (|88| and the invariance in Eq. (|92|) of the Jacobian one finds 

T 00'' ^?7> ^irpj ~ < t ) irp) 



^Oo'iliT #>7> ^p) ~Cp) 



From these relations follow directly with the help of the definitions in Eqs. (I95|) and (I96l) the noted symmetries of 

Eq. (grp. 

In Figs. [S] and [7] we compare our results with the data. In view of the fact that the data were not included in the fit 
of the model parameters, the agreement is reasonable. Already the single D 33 model (including only D 33 (1700) and 
D33(1940)) reproduces the experimentally observed shape and magnitude of the observables, so that admixtures of 
other terms leads to relatively small corrections. Our results are in general agreement with those obtained in Ref. 24], 
except, may be, I* for which the model [24| predicts vanishingly small values (see Fig. 4 of the cited paper). 



(100) 



-^o^A.fl.'Cp)- (101) 
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FIG. 6: The beam asymmetry I c calculated for two total cm. energies W . The data are from Ref. (only the statistical 
errors are shown). The upper two panels (a) and (b) refer to an active proton, the two middle panels (c) and (d) to an active 
eta, and the two lower panels (e) and (f) to an active pion as function of the angle between the corresponding reaction plane 
and decay planes as counted from the reaction plane (see Fig. [SJ. Notation of the curves as in Fig. 



At the end of this section we will briefly return to circularly polarized photons. Without target polarization one 
has as semi-exclusive cross section for the same experimental conditions as above 

_da_ _ doo ( UJrr {*)c 



d(j) tl d(p* p dcj) 



(l + P?T$ c ), (102) 



where only one beam asymmetry appears. In Ref. [6] this circular photon asymmetry was introduced with the notation 
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FIG. 7: Same as in Fig. [6]for the beam asymmetry I s . 



J® i.e. 



d(T ° T ( * )C M* \ = da ° T®(A* \- l da+ ~ da ~ 



= J dcos9* p f^ q^dq v T^l' a {qr t ,e r ,;Kp^4>lp) , (103) 

where da^ denotes the cross section corresponding to the photon beam with a helicity P£ = A 7 = ±1, respectively. 
Furthermore, like in Ref. H instead of/ we will consider an observable whose definition slightly differs from Eq. (|103p . 
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namely 

Tire/ / * \ 2tt da We 7T dcr+ - do-' 

^^^TrfM^ 2 ^ = ?^^-' (104) 

with cr being the unpolarized total cross section. According to the definitions in Eqs. (I5^t and (1551) . and the symmetry 
property in Eq. (|44l) , 1U C is an odd function of the argument <p* p and therefore may be expanded into a sine-series 

w c (<f>: P ) = Y, A " s ™ n ^ P - ( 105 ) 

n 

For further analyses it is convenient to have an analytic expression for W c (</>*) of Eq. (I104p and we neglect for simplicity 
the small background. Furthermore, as already noted, in our energy region the reaction seems to be dominated by 
the D33 wave accompanied by relatively small admixtures of resonance states in other waves, in our case P33, P31, 
and P35. The latter contribute mainly as long as the corresponding amplitudes can interfere with that coming from 
the D33 excitation. In this connection, we will retain in further relations only those terms which are linear in the 
"weak" amplitudes. Then the integrand in Eq. calculated up to the first order in t Pal , t Pa3 , and i F35 , reads 



Mc 



m/A 



Using Eqs. (|To| through ((75)) in (|106|) one obtains for the asymmetry in Eq. (|104l) 

W c (^ p ) = A 1 sin + A 2 sin 20* p , (107) 

where the coefficients A\ and A2 are expressed in terms of resonance parameters and are given in Appendix [Cj Of key 
importance is the fact that the first term in (|107j) is almost exclusively determined by the D33 wave. The contributions 
of other waves into A\ are quadratic in the corresponding amplitudes and may therefore be neglected. As a result, 
the "weak" resonances enter only into the second term of Eq. (|107p which is due to an interference of the amplitudes 
t Pal , t Paa , and t Fa5 with the dominant t D33 . In this respect, the sin2</>* p admixture in the asymmetry W c (4>^ p ) may 
be viewed as a signature of positive parity states in ir°r] photoproduction. 

In Fig. [S] we compare our calculation for A n , n = 1, 2, 3 with the results obtained from the measurements of Ref. 0. 
As one can see, the single -D33 reonance model reproduces rather well the coefficient Ai in the whole energy interval. 
As expected, addition of other resonances does not visibly change its value, since as already noted the corresponding 
contributions are of second order in the "small" amplitudes. For A 2 the agreement is worse. In particular, the model 
gives a wrong sign of this coefficient. It is also worth noting that A 2 has a rather small value at w 7 < 1.3 GeV. 
Unfortunately, the data do not allow us to find the reason of this fact, whether it is a consequence of a general 
smallness of individual contributions, or whether it is caused by an accidental cancellation between different terms. 
The last coefficient A3 is comparable with zero, which is in line with our discussion above as well as with the model 
predictions. In the general case, the term with sin 3</>* p would be due to an interference of D33 with negative parity 
resonances like S31, -D35 etc. In this respect its smallness may be considered as an indication of an insignificant role 
of these states in this reaction. 



VI. CONCLUSION 



In this work we have derived formal expressions for the differential cross section and the recoil polarization of nr] 
photoproduction on the nucleon including various polarization asymmetries with respect to polarized photons and 
nucleons. 

A general analysis allowing the determination of the moduli and relative phases of the four independent photopro- 
duction amplitudes requires a complete set of polarization experiments, which for photoproduction of two pseudoscalar 
mesons is discussed, e.g., in Ref. [6|. However in the tttj case, due to the assumed dominance of the D33 wave, the 
information on bilinear combinations of the amplitudes may require much less parameters. The situation is similar 
to that existing in 77 photoproduction, which is known to be dominated by the Sn wave in a wide energy region. 
Making use of this fact has allowed, e.g., an almost model independent extraction of the parameters of the resonance 
Di3(1520) in a much cleaner way, than in n photoproduction, where it overlaps with a multitude of other resonance 
states. 

As noted above, according to the analyses of Refs. [l], [llj], in the energy region below cj 7 = 1.4 GeV the main 
contribution beyond the P/33 resonance should come from the positive parity states P33, P31, and P35 which reveal 
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FIG. 8: Coefficients A n (n — 1, 2, 3) of the sine expansion (| 105f) . Notations as in Fig. [3] The data are from Ref. [{J. 



themselves through their interference with the dominant D 33 amplitude. Our results show that the corresponding 
"small" amplitudes may be identified, e.g., through their contribution to the second Fourier coefficient Ai in the 
sine-series for W c ((j>l p ) in Eq. (|105p . 

It is also important to note, that the -D33 resonance decays predominantly into an s-wave rjA state. As a result, in 
the single D33 model (only the -D33 wave is included into the amplitude) most of the polarization observables vanish. 
Therefore, the results of polarization measurements are expected to be sensitive to even small admixtures of "weak" 
resonances. 

A comprehensive program for single and double polarization measurements of the reaction jp — > 7r°?yp is planned 
for the near future at MAMI and ELSA. The information obtained by these new experiments will provide stringent 
constraints on the quantum numbers of the resonance states entering the reaction amplitude. 
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Appendix A: Semi-exclusive differential cross section p (7, r])-Kp 
To derive the general expression for the semi-exclusive cross section we first introduce the quantities 

= --1= J dQ np c(qr,,9r,,flnp) ^ 

^^m/lm'-fe' ^T' 't'pq) trrif — lm; {Qr] > @r]i @Trp> <fipq) ■ 
m f 



h 1 I 
2 2 1 

to' — m, M 



(Al) 
(A2) 
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with 



1 i / 

2 2 x 



^ y tmffim't (ly ®V @np> 4 > pq)^mfiJ.mi{.1'ni 0-irp, fipq) ■ (A3) 

Using now the property fl"4")) . one finds with the help of 

/•27T 

d(t>Trpf{-<t>pq) = / d<f> w pf((/) pq ) (A4) 

Jo 

for a periodic function f(<fi pq + 2ir) = f(<fi pq ) (please note <fi pq — <p vp — <ft n ), the relation 
v Fm(^v = / d ttirp v iM{<ln> °r,, 0* P , 4>pq) = / dfl^ p vj M (q rp n , np , -<i> pq )* = {-I) 1 Vx M {q 7) , Or,)* , (A5) 



and thus 

V&fo, ^) - V? M (g„ 9 V ) ± (-1)' V} M {q v , 9,,)* . (A6) 
Correspondingly, using (|4"5)) . one obtains 

Wj M fe, = (-1) J / dn wp wj M ( qr „ dr,, np , -cf> pq ) = (-1) 1 W IM (q v , V ) . (A7) 



From the two foregoing equations we can conclude that V^ M and Wim are real f° r I — and imaginary for 7=1, 
whereas is imaginary for 7 = and real for I = 1. Therefore, according to (f53"j) through f[56]) the following 
integrated asymmetries vanish 



f rlSl r a - for / « e and / = 1 

7 dil *P T iM - u tor | aG { c }, and 7 = 

/"jo a n t / a G {0,^}, and 7 = 

JdQ np a IM = for | Q e } c} / and j = : 



I ) f ■ (A8) 



(A9) 



Instead of using these results for deriving from (|57p the three-fold semi-exclusive differential cross section, we prefer 
to start from the expression in (|5ip . and obtain 



^ f 7=0,1 M=0 u 

+ P Z 7 J] 4 /o (0 s )3?e[e^^ /M ]}. (A10) 



M=-I 



This expression can be simplified using the fact that i Sl1 Wim, i 5 ' 1 Vim an d i 1 Sl1 Vim are rea ^ according to (|A6|) 
and (| A7|) . The latter two quantities can be written as 

i s "V+ M = 2$le(i s "V I 1 M ), (All) 

i 1 -^ Vf M = 2 5Re (i 1 - 5 " VIm) = -2 3m (i^ V} M ) . (A12) 

Using now 

[e iM *»' V^] = JKe [eW,,,-^ T / 2 ) i 5 " = 2 5ie (z^ 1 U/ M ) cos[A7^ s - tf n tt/2] , (A13) 

[e lM0 " s U /M ] = 5ie [* ^W^ 5 " */ a > Vf M ] = -2 3m (i^ 11 U/ M ) sin[A/0„ s + <S n tt/2] , (A14) 

sft e [ e #« W/M ] = sft e [ e <«N*-«ii t/2) t -«« Wim ] = »*« W IM cos[^ M - <5 n tt/2] , (A15) 
we find as final form for the three- fold semi-exclusive differential cross section ([501) . 
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Appendix B: The recoil polarization 



For the recoil polarization, we have to evaluate according to (f24f the quantities B M , of (|25j) . From (l39l) we obtain 
for M' = 0, 1 



(-1) 



A/' 



2(1 + ^0)^ 



£ ^ £ 4 



M=-I 



v 1± +v~ 1± 

V M';IM ^ V M';IM 



+ P 7 (v 1± -V~ 1± \ + P 1 (vf) 1± p - 2i <t>i-t + w~ 1± p 2i ^ll" 
^ r c \ U M';IM v M'-JM!^ r l \ W M';IM C ^ w M';IM (i 

where for convenience we have defined 

«/^M't/M = V / W IM';IM ±V / W 1-M';IM- 

One should note that 

v/Woll + M = 2v / W 10;IM and = °' 

These quantities obey the obvious property 



(Bl) 

(B2) 
(B3) 
(B4) 



V /™-M';IM = ±V / W M^IM ■ 

Then one obtains as final expression for the cartesian nucleon recoil polarization components as defined in (|24[) . 
including beam and target polarization contributions, 



P -i -^% = £ P i { £ 4/o(^)[<;/m cos(M^ s )+< ;/M S in(M^ s ) 



dq v dVL 



J=0,1 



M=0 



+ « ; /m cos (M^ s ) + a c Xi . IM sin (M^ s )) 



p i £ 4o(^) ^zm cos^m +a l x .. IM sinV'M } 



m=-j 

where the various beam, target and beam-target asymmetries are given by 



T / a x/y:IM 
T / <T x/y;IM 



1 



V2(l + S 



MO) 



■ 3?e/3m ffi.jM + v i-jm ) 



t /^°/a/ = 2(1 + J M0 ) SRe / 9m + "oj at) 

1 _, 

= T— ; — 3?e/3m (t> 10;7M + u 10;JM ) , 

1 + OM0 



t/ct 



z-JM 



-3?e/3m (w . ; /M - Uq.^ ) 
t/v 1 Z] i M = ^ e / Sm (™o ; /m) 



(B5) 

(B6) 
(B7) 
(B8) 

(B9) 

(BIO) 
(Bll) 



where we have used (IB3I) for P. 
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Appendix C: The expansion coefficients 



The first two coefficients in the Fourier expansion of W c in Eq. (| 105[) may be derived from the general expressions 
in Eqs. (1761) . (|77[) . and (|78[) . Using the actual resonance quantum numbers, one obtains after straightforward 
manipulations 



7T 



(CI) 



A 2 — I F Ds3 p 31 + F D33 p 33 + Fd 33 f 3C 



The individual terms on the r.h.s. of Eq. (|C2[) read 

4 



F, 



D33P33 



( *(i) (v£ 

3 ^/3 ^1/2^1/2 y \ c D 3 3 c P3i 
8 f 4033 4P33 _ 4D33 4P3 

3v/l5 V 3/2 3/2 V2^V' 



A) 



sin 2 9* p d6* p du; v , 



*(1) (r/A) 
C £>33 c p 33 



*(2) UN*) 2 



*(1) (ttJV*) y- 

•D33 C P33 A Tlr\V-np 



sin 2 6* p d9l p dwri, 



1 / 



'15 

„*(1) (jriV*) 
"-D33 P35 



*(1) (i,A) _„/ *(2) feV*) 2 

C £>33 C F 3 5 Z I C £>33 C P 3 5 



■^ttQtjPttp 



sin 2 9t p d9* p duj v , 



(C2) 



(C3) 



(C4) 



(C5) 



where X w — m 7r /(M p + m^). In the expressions above, p wp is as previously the relative 7rp momentum. The factors 
a G {?7A,7riV*} appear in the general ansatz for the resonance amplitudes in Eq. (|76|) . For convenience we have 
introduced in Eqs. (jC3p ~ (|C5[) the following notations for the combinations of the coefficients c 



» 



(a) 



(1) _ (t,A) P_ (ttJV*) 

C D 33 - C D 33 „ L -D33 ' 
Hit 



,.(2) 



Qr, 



-#33 ~~ ~ X * C D. 
HIT 



(TTiV*) 



(C6) 



Appendix D: The T- matrix for an active proton 

For an active proton, the partial wave decomposition of the final state reads 

^ ^ iflirri I 7= ^ ' l-irr] Dq m (07rr; j $7r?7i ^tti])^ ^ (<Z7rij^7r?j m 7r?7 | i (Dl) 
V 47T 

{ - ] {p p m f \ = — != ^ ^OpOim/ljpm/jD^^^p.-^-^^^pf/pi^pTTipl, (D2) 



47T , ^ " " 2 

where again m,, and m p refer to the photon momentum k as quantization axis. Then we follow the same steps as in 
Eqs. (|T0|) through (fT4"|) . With the help of the multipole decomposition and the Wigner-Eckart theorem, one obtains 



JMj 



J L \ 

m mi m p -Mj J \ -Mj fi rrn 



■x(qK V P P ;(l* v (lps)j P )J\\0» L \\^-) , 



(D3) 



with the selection rule m p + m mi = Mj = (a+ rrii . Rewriting the angular dependence 



^,m,(^-9p.-W^(^,-^-W = < )% (-flp)fe,(-fl ) r,)c i((ffl '" m ' ) ^^ ) . (D4) 
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and rearranging 

(mp-mf)(j) p + m-n-ri(j)-Kr, = m mi <j) pq + {}i + mi-m f )4> p (D5) 
with (fip q = (j) mi — <f>p, one finds that the dependence on <p p can be separated, i.e. 

T (001 = P i (p-+ m i- m s)'t > vi (Of) (h \ (T)(\\ 

where the small i-matrix depends only on 6 p , 6 vrj , and the relative azimuthal angle (j> pq . 
The explicit form for the i-matrix in case of an active proton then reads 

t (0 6 1 — - i L Ll71T (-A\ J+l T-n-h+ m f- l p-ip 

t, m/ftmiV (7 T7)) u pi H>pq) — r^— / 1 *-* < J L pjpi-xr)\ 

Ll^^m^jj lpjpm p J J M j 

x f l P 5 3p ) ( Jp J j j J L 1 \ 

V TO/ -TO/ y y TOttjj TOp -Mj J \ —Mj (X TO, J 

x{p vvPp ; (^a^)ip)J||^ i ||^)4!^(-^)^ / ,m JI (-^)e iro -^ • (D7) 
Parity transformation leads to the following property of the reduced matrix element 

(-i)^ + ' p+i (p^P P ;(^(^pi)i. P )J||0^ L ||i) = (p,pPp;(i^(i.pI)j,p)J\\o» l \\^), (D8) 

which in turn gives the symmetry property of Eq. (fT5)l . 
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